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Generic metrics and the mass endomorphism on spin
three-manifolds
Andreas Hermann
Abstract
Let (M, g) be a closed Riemannian spin manifold. The constant term in the expan-
sion of the Green function for the Dirac operator at a fixed point p ∈ M is called the
mass endomorphism in p associated to the metric g due to an analogy to the mass in
the Yamabe problem. We show that the mass endomorphism of a generic metric on a
three-dimensional spin manifold is nonzero. This implies a strict inequality which can
be used to avoid bubbling-off phenomena in conformal spin geometry.
1 Introduction
Let (M, g) be a closed Riemannian spin manifold of dimension n ≥ 2. We fix a spin struc-
ture σ on M . If g is a metric in the conformal class [g] of g, we denote the smallest positive
eigenvalue of the Dirac operator Dg on (M, g, σ) by λ+1 (g). Similarly let λ
−
1 (g) be the largest
negative eigenvalue of the Dirac operator. The two quantities
λ+min(M, [g], σ) := inf
g∈[g]
λ+1 (g)Vol(M, g)
1/n,
λ−min(M, [g], σ) := inf
g∈[g]
|λ−1 (g)|Vol(M, g)
1/n
are conformal invariants and have been treated in many articles, e.g., in [Hij], [Lo], [B1],
[A1]. We denote by Sn the sphere Sn with the standard metric. If we take the unique
spin structure on Sn we denote the above quantity by λ+min(S
n). It was proven in [A3] that
the inequalities λ+min(M, [g], σ) ≤ λ
+
min(S
n) = n2 ω
1/n
n and λ
−
min(M, [g], σ) ≤ λ
+
min(S
n) hold,
where ωn stands for the volume of the standard sphere S
n.
One is interested in obtaining the strict inequalities
λ+min(M, [g], σ) <
n
2
ω1/nn or λ
−
min(M, [g], σ) <
n
2
ω1/nn (1)
for several reasons. As a first application, if n ≥ 3 and the first or the second one of these
inequalities holds, then using Hijazi’s inequality one can deduce that the Yamabe problem
on (M, g) has a solution. This famous problem has been solved by [Au] and [Sch]. Further-
more the inequalities imply the existence of a solution ϕ to the nonlinear partial differen-
tial equation Dgϕ = ±λ±min(M, [g], σ)|ϕ|
2/(n−1)ϕ. This equation is related via the spinorial
Weierstrass representation to constant mean curvature surfaces in R3 in the case n = 2 (see
[B3], [Fri1], [KS]) and to constant mean curvature hypersurfaces in Calabi-Yau manifolds of
real dimension 4 in the case n = 3 (see [A4]). Because of the exponent of the nonlinear term
the corresponding Sobolev embedding is critical, which makes this PDE hard to solve. Also
the inequalities (1) can be used to avoid bubbling-off phenomena in conformal spin geometry
(see [A2]).
With the aim of obtaining the inequalities (1) Ammann et al. considered in [AHM] the
case of a conformally flat manifold (M, g) with Ker(Dg) = 0 and introduced for a fixed
point p ∈M the so called mass endomorphism in p. It is an endomorphism of the fiber ΣgpM
of the spinor bundle over M and is defined as the constant term in an asymptotic expansion
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of the Green function of Dg in p. The main result of [AHM] is that the first (resp. second) of
the strict inequalities (1) holds, if there is a point p ∈M such that g is conformally flat on a
neighborhood of p and such that the mass endomorphism in p has a positive (resp. negative)
eigenvalue. We note that the result in [AHM] was stated for a conformally flat manifold.
However, the proof given there yields the strict inequality under the weaker condition that p
has a conformally flat neighborhood. Thus, we are led to the question of whether one can find
a point p with nonzero mass endomorphism. The answer is only known for very few man-
ifolds. For example, the mass endomorphism on the flat torus and on the round sphere Sn
always vanishes, whereas on the projective spaces RP 4k+3 one has points with nonzero mass
endomorphism (see [AHM]).
In this article we examine the dependence of the mass endomorphism on the Riemannian
metric. Our result is that in dimension 3 for a fixed point p the mass endomorphism in p is
not zero for generic metrics. More precisely we obtain the following:
Theorem 1.1 LetM be a three-dimensional closed spin manifold with fixed spin structure σ.
Let Mp(M) be the set of all Riemannian metrics g on M , which are flat on a neighborhood
of p ∈M and satisfy Ker(Dg) = 0. Then the subset of all Riemannian metrics with nonzero
mass endomorphism in p is dense in Mp(M) with respect to the C
1-topology.
It was proven in [M] that for a fixed spin-structure on a closed three-manifoldM the generic
metric satisfies Ker(Dg) = 0. Furthermore we can approximate in the C1-topology any given
metric on M by a sequence of metrics, which are conformally flat in a sufficiently small
neighborhood of p. Thus we obtain
Corollary 1.2 LetM be a three-dimensional closed spin manifold with fixed spin structure σ.
The set of all Riemannian metrics for which one of the strict inequalities (1) holds is dense
in the set of all Riemannian metrics on M with respect to the C1-topology.
2 Preliminaries
In this section, we review the definition of the mass endomorphism and its basic properties
following [AHM]. Let (M, g) be a closed spin manifold with Ker(Dg) = 0. We denote
by ΣgM the spinor bundle over M and define ΣgM ⊠ ΣgM∗ as the bundle over M ×M
whose fiber over (x, y) ∈M ×M is given by Hom(ΣgyM,Σ
g
xM). Let ∆ := {(x, x)|x ∈M} be
the diagonal.
Definition 2.1 A smooth section Gg :M ×M\∆→ ΣgM ⊠ΣgM∗ that is locally integrable
on M × M is called the Green function for the Dirac operator Dg if in the sense of dis-
tributions Dgx(G
g(x, p)) = δpidΣgpM , i.e. if for all p ∈ M , Ψ ∈ Σ
g
pM and ϕ ∈ Γ(Σ
gM) we
have ∫
M\{p}
〈
Gg(x, p)Ψ, (Dg)∗ϕ(x)
〉
dVg(x) =
〈
Ψ, ϕ(p)
〉
,
where
〈
., .
〉
denotes the inner product on ΣgM .
In the case (M, g) = (Rn, geucl), we denote the Green function by G
eucl. One can check that
Geucl(x, p)Ψ = −
1
ωn−1
x− p
|x− p|n
·Ψ,
where · denotes Clifford multiplication on ΣgM . It is explained in [AHM] that if (M, g) is
flat on a neighborhood of a point p ∈M one can choose a conformal chart and obtain a local
trivialisation of the spinor bundle such that the Green function has the following expansion
as x→ p:
Gg(x, p)Ψ = Geucl(x, p)Ψ + vg(x, p)Ψ, (2)
where Ψ ∈ ΣgpM and x 7→ v
g(x, p)Ψ is a smooth spinor field on a neighborhood of p. As in
[AHM] we define the mass endomorphism in p.
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Definition 2.2 Let (M, g) be a closed spin manifold, which is conformally flat on a neigh-
borhood of p ∈ M . Choose a metric g ∈ [g], which is flat on a neighborhood of p and such
that gp = gp. Let G
g be the Green function. Then, we define the mass endomorphism in p
as
mg : ΣgpM → Σ
g
pM, Ψ 7→ v
g(p, p)Ψ,
where vg is the constant term in the above expansion.
It is shown in [AHM] that this definition does not depend on the choice of g ∈ [g] and
that mg is linear and self-adjoint. There is an analogy in conformal geometry: the constant
term of the Green function Γ(., p) of the Yamabe operator in p can be interpreted as the
mass of the asymptotically flat manifold (M\{p},Γ(., p)4/(n−2)g) (see [LP]). Therefore, the
endomorphism is called mass endomorphism. We note that the main result of [AHM] was
stated for a conformally flat manifold. However, the proof given there yields the following:
Theorem 2.3 Let (M, g, σ) be a closed spin manifold of dimension n ≥ 2 with Ker(Dg) = 0.
Assume that there is a point p ∈ M which has a conformally flat neighborhood and that the
mass endomorphism in p possesses a positive (resp. negative) eigenvalue. Then
λ+min(M, [g], σ) (resp. λ
−
min(M, [g], σ)) < λ
+
min(S
n) =
n
2
ω1/nn .
3 Proof of result
This section contains the proof of Theorem 1.1.
Definition 3.1 Let ϕ be a smooth spinor field. The energy momentum tensor Qϕ for ϕ is
a symmetric (0, 2) tensor field on M given by
Qϕ(X,Y ) :=
1
2
Re
〈
ϕ,X · ∇gY ϕ+ Y · ∇
g
Xϕ
〉
. (3)
Lemma 3.2 Let (M, g) be flat on a neighborhood of p ∈ M . Let Ψ0 ∈ Σ
g
pM and define
the spinor field GgΨ0 on M\{p} by G
g
Ψ0
(x) := Gg(x, p)Ψ0. Let K ⊂ M\{p} be compact and
let (gt)t∈[0,1] be a smooth family of metrics on M with g0 = g and supp(gt− g) ⊂ K for all t.
Define h := dgtdt |t=0. Then, we have
d
dt
〈
Ψ0,m
gt(Ψ0)
〉∣∣
t=0
=
1
2
∫
M\{p}
(h,QGg
Ψ0
) dVg, (4)
where (., .) denotes the standard pointwise inner product of (0, 2) tensor fields.
Proof: Let ε > 0 be such that Bε(p) ⊂ M\K. Let η: M → [0, 1] be a smooth function
with η|Bε/2(p) ≡ 1, supp(η) ⊂ Bε(p). On a neighborhood of p the Green function is given by
the expansion (2), i.e.,
Ggt(x, p)Ψ0 = G
eucl(x, p)Ψ0 + v
gt(x, p)Ψ0,
where Ψ0 ∈ Σ
g
pM . For each x ∈ M we define a homomorphism w
gt(x, p) : Σgtp M → Σ
gt
x M ,
such that
Ggt(x, p)Ψ0 = η(x)G
eucl(x, p)Ψ0 + w
gt(x, p)Ψ0. (5)
In particular mgt(Ψ0) = w
gt(p, p)Ψ0. Applying D
gt we obtain
δpΨ0 = D
gt(η(x)Geucl(x, p)Ψ0) +D
gt(wgt(x, p)Ψ0).
However, since g = gt in supp(η), it follows that
δpΨ0 = D
g(η(x)Geucl(x, p)Ψ0) +D
gt(wgt(x, p)Ψ0). (6)
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As a shorthand notation we introduce the spinor fields GgtΨ0 , w
gt
Ψ0
, GeuclΨ0 ∈ Γ(Σ
gtM) given by
G
gt
Ψ0
(x) := Ggt(x, p)Ψ0, w
gt
Ψ0
(x) := wgt(x, p)Ψ0, G
eucl
Ψ0 (x) := G
eucl(x, p)Ψ0.
Using the definition of the Green function we obtain
〈
Ψ0, w
gt
Ψ0
(p)
〉
=
∫
M\{p}
〈
G
gt
Ψ0
, (Dgt)∗wgtΨ0
〉
dVgt
(5)
=
∫
M\{p}
〈
ηGeuclΨ0 , (D
gt)∗wgtΨ0
〉
dVgt +
∫
M\{p}
〈
w
gt
Ψ0
, (Dgt)∗wgtΨ0
〉
dVgt
=
∫
M\{p}
〈
ηGeuclΨ0 , (D
g)∗wgΨ0
〉
dVg +
∫
M
〈
Dgtw
gt
Ψ0
, w
gt
Ψ0
〉
dVgt . (7)
In the last step we have used the fact that gt = g in supp(η). By (6) the term D
gtw
gt
Ψ0
is
independent of t and therefore we get
0 =
d
dt
(DgtwgtΨ0)
∣∣
t=0
=
( d
dt
Dgt
∣∣
t=0
)
w
g
Ψ0
+Dg
( d
dt
w
gt
Ψ0
∣∣
t=0
)
. (8)
Taking the derivative with respect to t in (7) we obtain
d
dt
〈
Ψ0,m
gt(Ψ0)
〉∣∣
t=0
=
∫
M
〈
Dgw
g
Ψ0
,
d
dt
w
gt
Ψ0
∣∣
t=0
〉
dVg +
∫
M
〈
Dgw
g
Ψ0
, w
g
Ψ0
〉 d
dt
dVgt
∣∣
t=0
.
On the one hand, the derivative of the volume element vanishes on Bε(p), on the other
hand, DgwgΨ0 vanishes on M\Bε(p) by (6). Hence, the second term is zero. Since D
g is
self-adjoint, we conclude that
d
dt
〈
Ψ0,m
gt(Ψ0)
〉∣∣
t=0
=
∫
M
〈
w
g
Ψ0
, Dg
( d
dt
w
gt
Ψ0
∣∣
t=0
)〉
dVg
(8)
= −
∫
M
〈
w
g
Ψ0
,
( d
dt
Dgt
∣∣
t=0
)
w
g
Ψ0
〉
dVg. (9)
Let H : TM → TM be given on each fiber TxM by the unique g-symmetric endomorphismH
such that
hx(u, v) = gx(H(u), v)
for all u, v ∈ TxM . According to [BG] the following formula holds for any spinor Ψ
( d
dt
Dgt
∣∣
t=0
)
Ψ = −
1
2
n∑
i=1
ei · ∇
g
H(ei)
Ψ+
1
4
(divgh+ dTrgh) ·Ψ,
where (ei)
n
i=1 is a local g-orthonormal frame and divg denotes the divergence of a symmet-
ric (0, 2) tensor. By definition we have H(ei) =
∑n
j=1 g(H(ei), ej)ej =
∑n
j=1 h(ei, ej)ej and
since h is symmetric we obtain
−
1
2
n∑
i=1
ei · ∇
g
H(ei)
Ψ = −
1
4
n∑
i=1
n∑
j=1
h(ei, ej)(ei · ∇
g
ejΨ+ ej · ∇
g
eiΨ).
From (9) it follows that
d
dt
〈
Ψ0,m
gt(Ψ0)
〉∣∣
t=0
=
1
4
n∑
i=1
n∑
j=1
∫
M
h(ei, ej)
〈
w
g
Ψ0
, ei · ∇
g
ejw
g
Ψ0
+ ej · ∇
g
eiw
g
Ψ0
〉
dVg
−
1
4
∫
M
〈
w
g
Ψ0
, (divgh+ dTrgh) · w
g
Ψ0
〉
dVg.
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Since divgh + dTrgh is a one-form, the second term is purely imaginary. Therefore, taking
the real part and using the fact that mgt is self-adjoint and that supp(h) ⊂M\Bε(p) we get
d
dt
〈
Ψ0,m
gt(Ψ0)
〉∣∣
t=0
=
1
2
∫
M
(h,Qwg
Ψ0
) dVg =
1
2
∫
M\Bε(p)
(h,Qwg
Ψ0
) dVg .
Since wgΨ0 = G
g
Ψ0
on M\Bε(p) we finish the proof by taking the limit ε→ 0. 
Remark: Let g and g be two conformally related metrics on a closed Riemannian spin
manifold, i.e., there is a smooth function f : M → (0,∞) such that g = f2g. According
to [Hit], [Hij], [BG] there is a bundle morphism β : ΣgM → ΣgM which is a fiberwise
isomorphism, such that the Dirac operators on the spinor bundles ΣgM and ΣgM are related
by the formula
Dg(β(ψ)) = fβ(Dg(ψ)) (10)
for all ψ ∈ Γ(ΣgM). Moreover f−(n−1)/2β is a pointwise isometry with respect to the inner
products on ΣgM and ΣgM . Furthermore the map b : (TM, g)→ (TM, g) sending v ∈ TxM
to fv is an isometry. We also have β(X · ψ) = b(X)·β(ψ) where · and · denote Clifford
multiplication on ΣgM and ΣgM . The connections on the spinor bundles ΣgM and ΣgM
are related by the formula
∇gX(f
−(n−1)/2β(ψ)) = f−(n−1)/2β
(
∇gXψ +
1
2f
X · ∇f · ψ +
1
2f
X(f)ψ
)
(11)
for all ψ ∈ Γ(ΣgM) and all X ∈ TM (see [LM] p. 134). We see from (10) that the spaces of
harmonic spinors on conformally related closed Riemannian spin manifolds are isomorphic.
We say that the space of harmonic spinors is conformally invariant. We also deduce that the
equation Qψ = 0 is conformally invariant in the following sense (see also [M]):
Lemma 3.3 Let X, Y ∈ TM , ψ ∈ Γ(ΣgM). Then
Qβ(ψ)(X,Y ) = f
n−2Qψ(X,Y ).
Proof: We have
〈
Y ·∇gXβ(ψ), β(ψ)
〉
= f (n−1)/2
〈
Y ·∇gX(f
−(n−1)/2β(ψ)), β(ψ)
〉
+
n− 1
2
f−1X(f)
〈
Y ·β(ψ), β(ψ)
〉
(11)
= f (n−1)/2
〈
Y ·f−(n−1)/2β
(
∇gXψ +
1
2f
X · ∇f · ψ +
1
2f
X(f)ψ
)
, β(ψ)
〉
+
n− 1
2
f−1X(f)
〈
Y ·β(ψ), β(ψ)
〉
= f−1
〈
β
(
Y · ∇gXψ +
1
2f
Y ·X · ∇f · ψ +
1
2f
X(f)Y · ψ
)
, β(ψ)
〉
+
n− 1
2
f−2X(f)
〈
β(Y · ψ), β(ψ)
〉
= fn−2
〈
Y · ∇gXψ +
1
2f
Y ·X · ∇f · ψ +
1
2f
X(f)Y · ψ, ψ
〉
+
n− 1
2
fn−3X(f)
〈
Y · ψ, ψ
〉
= fn−2
〈
Y · ∇gXψ, ψ
〉
+
1
2
fn−3
〈
Y ·X · ∇f · ψ, ψ
〉
+
n
2
fn−3X(f)
〈
Y · ψ, ψ
〉
.
Using the fact that Y ·X +X · Y = −2g(X,Y ) and that
〈
α · ψ, ψ
〉
is purely imaginary for
any one-form α, we obtain the above equation. 
Proof of Theorem 1.1: Assume dim M = 3. Let g ∈ Mp(M) with m
g = 0. We assume
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that the claim is wrong. Then there is a neighborhood U ⊂ Mp(M) of g with respect to
the C1-topology such that mg˜ = 0 for all g˜ ∈ U . We choose an open set V ⊂M with p 6∈ V
and a metric g˜ which is not conformally flat on V and by choosing V sufficiently small we may
assume that g˜ ∈ U . In the following, we write g instead of g˜. LetK ⊂M\{p} be compact and
let (gt)t∈[0,1] be a smooth family of metrics onM with g0 = g and supp(gt− g) ⊂ K for all t.
Define h := dgtdt |t=0. From our assumption that the claim is wrong we conclude m
gt = 0 for
all t near 0, hence
∫
M\{p}
(h,QGg
Ψ0
)dVg = 0 for all symmetric (0, 2) tensors h with supp(h) ⊂
K by Lemma 3.2. Taking h = ηQGg
Ψ0
with suitable compactly supported functions η we
conclude that QGg
Ψ0
= 0 on K, and since K is arbitrary we have QGg
Ψ0
= 0 on M\{p}. As a
shorthand notation we write ψ := GgΨ0 . We define
N := {x ∈M\{p}|ψ(x) = 0}.
There is an open neighborhood B of p inM such that B ⊂M\N . This can be seen from (5),
since wgΨ0 is bounded onM , whereas |G
eucl
Ψ0
(x)|g becomes arbitrarily large as x→ p, where |.|g
denotes the norm induced by the inner product on ΣgM . Hence W := M\(N ∪ {p}) is an
open subset of M . We replace the metric g|W on W by a conformally equivalent metric g
with g = f2g for f = |ψ|
−2/(n−1)
g . By the above remark f−(n−1)/2β is a pointwise isometry
and therefore we obtain |β(ψ)|g = 1 on W . By (10) we have D
g(β(ψ)) = 0 on W and by
Lemma 3.3 we obtain Qβ(ψ) = 0 on W . In the following, we write ϕ instead of β(ψ).
Since dim W = 3 the space of spinors is Σ3 ∼= C
2. Let (ei)
3
i=1 be a local g-orthonormal frame
defined on an open subset S ⊂W . Then for every x ∈ S the system
Bx := {ϕ(x), e1·ϕ(x), e2·ϕ(x), e3·ϕ(x)}
is a real basis of ΣgxW and there exist functions a
j
i ∈ C
∞(S,R), 1 ≤ i ≤ 3, 0 ≤ j ≤ 3, such
that on S we have
∇geiϕ = a
0
iϕ+
3∑
j=1
a
j
iej ·ϕ, 1 ≤ i ≤ 3.
Since 0 = ∂ei
〈
ϕ, ϕ
〉
= 2Re
〈
ϕ,∇geiϕ
〉
it follows that a0i = 0 for all i. We conclude that there is
a fiberwise endomorphism A : TW → TW such that for all X ∈ TW we get ∇gXϕ = A(X)·ϕ.
We will prove now that in each fiber the endomorphism A : TxW → TxW is symmetric with
respect to g using an observation by Ammann. We abbreviate ϕ := ϕ(x).
If we polarize the identity
〈
X ·ϕ,X ·ϕ
〉
= g(X,X)
〈
ϕ, ϕ
〉
we obtain
Re
〈
X ·ϕ, Y ·ϕ
〉
= g(X,Y )
〈
ϕ, ϕ
〉
.
Hence, for all j, k with j 6= k, we have
〈
ej ·ek·ϕ, ϕ
〉
∈ iR. Writing e1·e2·e3·ϕ as a linear
combination
e1·e2·e3·ϕ = a0ϕ+
3∑
j=1
ajej·ϕ
with aj ∈ R we can take the scalar product with ej ·ϕ and considering the real part we
obtain aj = 0, j ∈ {1, 2, 3}. It follows that e1·e2·e3·ϕ = a0ϕ where a0 ∈ {±1}. By possibly
changing the order of the vectors e1, e2, e3 we can take e1·e2·e3·ϕ = ϕ. We calculate
g(A(e2), e1) = Re 〈A(e2)·ϕ, e1·ϕ〉 = Re 〈∇
g
e2ϕ, e1·ϕ〉 = Re 〈e2·∇
g
e2ϕ, e2·e1·ϕ︸ ︷︷ ︸
=e3·ϕ
〉
= Re {〈Dgϕ︸︷︷︸
=0
, e3·ϕ〉 − 〈e1·∇
g
e1ϕ, e3·ϕ〉 − 〈e3·∇
g
e3ϕ, e3·ϕ〉}
= Re 〈e3·e1·∇
g
e1ϕ, ϕ〉 − Re 〈∇
g
e3ϕ, ϕ〉︸ ︷︷ ︸
=0
= −Re 〈e2·∇
g
e1ϕ, ϕ〉
= Re 〈∇ge1ϕ, e2·ϕ〉 = Re 〈A(e1)·ϕ, e2·ϕ〉 = g(e2, A(e1)).
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Similarly we obtain g(A(e1), e3) = g(e1, A(e3)) and g(A(e2), e3) = g(e2, A(e3)), i.e. A is sym-
metric with respect to g. Therefore, we can choose the basis vectors e1, e2, e3 as eigenvectors
of A, A(ej) = λjej where λj ∈ R. It follows that
0 = Re
〈
ϕ, ej ·∇
g
ejϕ
〉
= Re
〈
ϕ, ej ·A(ej)·ϕ
〉
= −Re
〈
ϕ, λjϕ
〉
= −λj .
Hence, ϕ is a parallel spinor on W . By [Fri2] the Ricci tensor on (W, g) vanishes. Since
dim W = 3 it follows that (W, g) is flat. However, we have chosen g such that (M, g) is not
conformally flat on an open set V . According to [B2] the zero set N has codimension 2 at
least. Therefore V \N is an open set in W on which (W, g) is not conformally flat, hence not
flat. This is a contradiction. 
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